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XXX. Hints relating to the Ufe which may be made of the Ta- 
bles of natural and logarithmic Sines, Tangents, &c. in the 
numerical Refolution of adfeSied Equations. By William 
Wales, F. R. S. and Mafer of the Royal Mathematical School 
in Chrift's Hofpital. 



Read June 14, 1781. 

P~f~1HE firffc intimation that I can meet with relating to the 
JL ufe which may be made of the tables of fines, tangents, 
and fecants, in refolving adfe£ted equations, is in the latter part 
of the fecond volume of Profeflbr saunderson's Elements of 
Algebra, printed in 1741, after his deceafe. The profeflbr 
there fhews how to refolve thofe two cafes which make the 
firft and fecond of the following examples, by means of the 
tables ; but it appears, from many circumstances, he was not 
aware that the third cafe could be refolved in the fame manner. 
All the three forms were, however, refolved by the late Mr. 
anthony thacker, a very ingenious man, who died in the 
beginning of the year 1744, by the help of a fet of tables, of 
his own invention ; different from, but in fome meafure ana- 
logous to, the tables of fines and tangents. Thefe tables were 
iinifhed and publifhed, together with feveral papers concerning 
them, after his death, by a Mr. brown of Cleobury. In thefe 
papers, befide explaining fully the ufe of the tables in refolving 
cubic equations, Mr. thacker fhews that his method compre- 
hends the refolution of all biquadratic equations, if they be 
2 firft 
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firft reduced to cubic ones in the manner which has been ex- 
plained by descartes and others, and the fecond term then 
taken away. 

Since that time M. Mauduit has fhewn how to find the 
roots of all the three forms of cubic equations., by means of 
the tables of fines, &c. in his excellent Treatife of Trigono- 
metry. But none of thefe authors have attempted to refolve 
equations of more dimenfions than three,, by thefe means, 
without firft reducing them to that number ; nor even thefe, 
before the fecond term, or that which involves the fquare of 
the unknown quantity, is taken away : whereas fuch reduc- 
tions will generally take up more time than is required to bring 
out the value of the unknown quantity by the following me^ 
thod; and, after all, frequently ferve no other purpofe but 
that of rendering the operation more intricate arid troublefome. 

The truly ingenious Mr. landen, in his lucubrations, 
published in 1755, has given a general method of refolving 
that cafe of cubic equations, by means of the tables of fines, 
where all the roots are real, without the trouble of taking 
away the fecond term of the equation rand Mr. simpson has 
fhewn how to refolve equations of any dimenfions, by the fame 
means, provided thofe equations involve only the odd powers of 
the unknown quantity, and that the co-efficients obferve fuch 
a law as will reftrain the equation to that form which is expref- 
five of the cofine of the multiple of an arc, of which the un- 
known quantity is the cofine, This was firft done, I believe, 
by john Bernoulli, and afterwards by Mr. euLer, in his 
IntroduB. ad Analyt. Infinit. and Mr. de moivre, in his Mif- 
cell. Analyt. ; but the refolution of all equations of this form, 
as well as many others, is comprehended in the firft of the 
following obfervations, 

O o o z The 
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The firft thought of extending the ufe of the tables of fines, 
tangents, and fecants, farther than to the cafes which have 
been already mentioned, occurred to me while I was conlidering 
the problem which produced the equation given in this paper as 
the fourth example. And it is remarkable, that the very fame 
thought occurred to Dr. hut ton about the fame time, and in 
the refolution of the fame problem ; and we were not a little 
lurprized, on comparing our folutions together, to find that 
our ideas had taken fo exactly the fame turn ; and that both 
mould have {tumbled on a thought, which, as far as either of 
us knew, had never prefented itfelf to any one before. Hav- 
ing fince examined farther into the matter, I have the fatisfac- 
tion to find, that the principle is very extenfive, and that a great 
number of equations, efpecially fuch as arife in the practice of 
geometry, aftronomy, and optics, may be refolved by it with 
great eafe and expedition. 

But befide the facility with which the value of the unknown 
quantity is brought out by means of the tables of fines, tan- 
gents, and fecants, this method of refolution has another con- 
fiderable advantage over moft. others which have been propofed, 
inafmuch as the firftfiate of the equation, without any previous 
reduction, is generally the beft it can be in for refolution ; and 
from which it may moft readily be difcovered, how to feparate 
it into fuch parts as exprefs the fine, or the tangent, or the 
fecant of the arc of a circle ; or into the fine, tangent, or fe- 
cant of fom'e multiple of that arc, or of a part of it ; and in 
the doing of which confifts the principal part of the bufinefs in 
queftion. It will alfo be of fome advantage to preferve the 
original fubftitutions as diftind as pofllble, by ufing only the 
iigns of the feveral operations which it may be neceflary to go 

through 
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through in bringing the folution of a problem to an equation, 
inftead of performing the operations themfelves. 

Befides the advantages which this method of procedure 
affords to the mode, of refolution now more particularly under 
confideration, it has fo many others over that which is com- 
monly made ufe of, that I am much furprized the latter flioul cl- 
ever have been adopted. By preferving thus the original fub- 
flitutions diftinft, all the way through an operation, every 
expreffion, even to the final equation, will exhibit the whole 
procefs up to thatftep ; and it will appear as clearly, how every 
expreffion has been derived, as it does in that mode of analyfis 
which was ufed by the ancient geometricians : whereas, when 
the feveral original expreffions are melted down into one mafs by 
the multitude of atflual additions, fubtraclions, multiplications, 
and divisions, which they generally undergo, in a long alge- 
braical procefs, concluded in the ufual manner, it isimpoffible 
to trace the fmalleft veftige of the original quantities in the 
final equation, except fuch as are reprefented by a Angle letter. 
Of courfe, however obvious the feveral fieps might be at the 
time when they were taken, every idea of them muft be totally 
loft in the relult; and it will be utterly impoffible to trace 
them back again, in the manner they are done in the competi- 
tion of a problem, the folution of which has been inveftigated 
by the geometrical analyfis*. Let me add, that it is to this 

caufe 

* This fubjeft, if ever I am bleffed with more leifure than is at prefent my 
lot, {hail be profiled farther in another paper: in which I (hall endeavour to mew,. 
that, notwithstanding the great difference which there appears to be between 
algebra and geometry, they are really bvit one fcience, differently treated ; and 
that the operations of the former may be rendered as clear and perfpicuous vs 
thofe. of the latter are allowed to be. A difquifition of this nature will at leafl 
have the merit of refcuing a very ufeful and expeditious mode of inveftigation 

from 
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caufe we muft attribute all that obfeurity which the algebraic 

mode of invefligation has been fo frequently charged with. 

I {hall endeavour to verify this doctrine, in fome meafure, by 
the expreflions which are put down in the following tables for 
the fines, cofines, and tangents of arcs of circles, and of the 
multiples of thofe arcs; which tables will be found very ufe- 
ful in the profecution of the defign which I am now upon, and 
are absolutely neceffary in the explanation of it. 

from an unmerited ftigma : and if I never be happy enough to have an opportunity- 
of doing it myfelf, what I have here faid may be the means of putting fom c 
other perfon, who ha8, upon it. 
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T A B L 



A 
iA 
3A 
4A 
5 A 

6A 



Sine. 



— . \ r+ x , r — x 



■$x.r + x.r — x — x 



AX . r+x . r — x — Ax' 1 / ■■ = — =. 
- 5 - L ~ *r+x ,r — x 



5* ■ r + aj . r — ■*•; — lo* 3 . r + # . r — *+,*•? 



ox. r + x] . r—x\ — 20* 3 . r+x . r — x + 6x $ ./==: — = 

— , » — _ ! ^ Vfj-t . r — a 



Cofine. 



\/r + x . r—x 
r + x . r — x — x* 



r+x . r — x—^x 



Wr+x . r- 





r+xl . 


r — .» » — 6x* 


, r+-x . r- 


r~+x] 1 


.r — x\ - 


r 5 

- lew 1 . r-f-^ . 


r— x+$x 4 


• ,3 


— ->3 

-xl — !$.> 


r 4 

' . r+xl . r 


Z3 z +is* 
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Arc. 



2A 

3A 

4 A 

SA 
\6A 



Sine. 



\ r r r +7- 



r^ + x 1 - 



r + x . r— x+-2r z 



3 , r + ^ . r — x 
r z + x- 



rx 

r^ + x 2, 

2r l x 



r-$-.i* . r-^f -f^jj^- • r-x-±r*x* ^ rx ^ 
7 r +x £ . r z +x* ' »J?+x 

3 • r ± x \ +r—x\ — yV 2 . r*x 



r*+**. *■* + .** 



r»+* 1 



Cofine. 



V> + ; 



f. 



r-j-,y . r — # 






Vr 



„ r4-* . r — x— 2rx r+x.r 

~ . , y __ 



r x + 



r-fa' . r— ^1 — ax . r+x . r — x— 4 

F+7 1 . *? + x r ~~~~~ 



r+-x\ ,r—x\ —izr^x* r + x.r- 



r* + ** 



r*+x z 
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B 



E 



I. 



Cofinc. 


Tangent, 




rx 


r + x . r—x 


\/r + x . r—x 
2 rx 




r + x . r—x — x z ^r + x . r — x 
$,r-$-x.i — x — x* rx 


r 


— 3* , ' 1 

Vr + * . r — x 


r-^-x.r — x — ^x 1 *Jr + x . r— -x 


— 6x z . r+x . r— x + x* 


4 . r + x . r — x — 4.x rx 


r 3 


r+xY . r-xV-bx 2 - . r+-x . r — x + x* *r + x . r-x 
5 . r + x) .r — x] — IO* 2 . r + x , r— x + x* rx ^ 


>r + *. r— x 

tl . r — a> + 15** . r-+x . r— x — a 6 


r + x] .r—x — lOx t .r + x.r — x + $x* Vr-J-A . r — X 
6 . r + x] . r — x\ — iox'' . r + x . r—x+bx* rx 


r 5 


r+aj . r — x\ — I5* 2 .r+^1 ,r — xl + l$x* . r + x . r — X' Vr + x . r — x 



B 



II. 



Cofinc 




Tangent. 


r 




X 

zr^x 


\Zr* + x* 


r-\-x . r — x 

1 1 2 
r+x 


r+x . r — a* 


— x—zrx r 


•T . r + x . r — x+ 2) A x 


x % * *Jr> + x* 


r+ x . r — x— 2X 




4.r*x . r+-x . r — x 


2rx r+-x . 1 — x + irx 


■ 1'- — "' 1 2 2 2 

?-+.•■*' . r — x\ — ^.r x 


. r + *" . r — x—i^x 1 r 


* . r + X 


. r — x\ +t f rx.r+x..r—x — ip-"x* 


r* + x z */r 2 + x* 


r + l) 

r* .^ 
r- 


\2 ~ 

. r — a-J — 4*-' . r + A- . r— a* — 4r at 
6a- .7+1** . rTIJ'-Sr^- 3 


^-f* 1 ■ r- + *" 


-a! . r— a) — i2r'A- 2 • r + x . r — x 



O n n a 
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TABLE 



111 



Arc, 



Sine. 



Cofine. 



A 

2A 

3 A 

4 A 

SA 
6A 







r . \/x + r .x—r 










X 








if . \f x + r , x — r 






x % 






l r * 


— _ — <^_ 






r 


— * + r . * — r . 

5 s/x + r . 

x' * 


X- 


-r 




,.' 


— . — . 







■ V x + r . x—r 



tr 4 — 20r z . x+r . x — r + x + A . x — A 2 .- = 

r . i _ _ \f. x j. r , x—r 

6r s — 20r* . r + x . r — x+-6r , x + r) .x — r] t — = 
r Z -L s/x+r.x-r 



r . 



r* — x+r . x—r 



r* —\r . x + r . x— t 
r . . 1— Z 



r*—6r l . x + r . x — r-+x + r\" . x- 



r 5 — ior 3 . x + r . x — r+ e,r . x+-r\ . x- 



' — l$r 4 , x + r . x— r + i;r* . x + ri . x—rl —x + r . x *- 



TABLE 



IV. 



Arc. 



Sine. 



Cofine. 



A 

2A 
3A 

4 A 

SA 
6A 



Vr*-7r2* 



r—x , =5- 

m- r 

4 .r- x?-~ r 7 



j .V r^r-^x\ 



r — A/ — 4 r * r — x 



y/r*-r~^x~\ 



l6 . r— x\ — lir' . r — J -f-r* 



n/V-JCT 



52 . r — x] — 52J- 1 . r — xl +6r* . r— x /~ ■ — y 

. ' ■■"" V r —r—x' 



2 . r—xl—r' 



4 . r — xj —y . r — x 



8 .P^i) 4 -^ 1 .r~7T+r*> 
J3 * 

"™ — ~ *\ 5 ~ — ^% 3 * 

i6.r— . x\ — aor 1 . r— ■>[ + ;r 4 . 7 



3 2 ' ? "~ *) ~ jjjll! .r—x 1 + 1%r* ,r - ,\ i — r " 
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ABLE 



III. 



Coiine. 



Tangent, 



r —x-\-r . x—r 

r^^ir . x + r , x—r 

x 3 

r*—6r % .x + r . x — r-\-x + r\~ . a- — ;• 

; — ior 3 . A- + 7- . a-— r + Jr . "+r| . A-- 



x + r . a — r + ijr . jr-f-rl . x—rl —-x + r ,x<-r 



V *■+'' • •»- 



2f ! . V A-f-1- • *— r 

r 1 — a- + r . * — r 

3 1 " 1 -- * + »" . x — r I — ' 
' V * + «-.* — r 



r — 3 . * + r . •»• — r 
4r* — 4r* . * + r . x—r 



\is/x + r 



r* — 6/ -1 . x+r . x—r-\-x + rV . x — r 

$r*— ior 1 . x + r . x — r + x+i'" . x — r\ l .= — =nr- 

' "7 V * +• " • •»— «" 



r 4 — ior x , A'-J-r. *• — r+ J . *• + '1 •x — rj 
6r 6 — 20r* . x + r . x—r + 6r z . x + r\'- . a — 



r — I ;r 4 , x + r . x— r 



+ it/- . x + A'- . x-?\- — x + rY . x—r] 



w. 



x+r . x—r 



ABLE 



IV. 



Cofine. 



Tangent. 



2 . r—xl—r' 





4 • r-*l 


r 

— $r z . r — x 


8 


r^x]*- 


r 1 
8r T . r~7]*+r* 


i6.~ 


1! 

.x\ — tor 


'. r-x} l +^r* .r—x 


v6 

. r—x\ 


-48'- a .r 


r 4 
^p 4 -fr8^.7-ir-r 6 



-Lv^-^F 



r— a* 
Sr . r — a- 



2 , r — a( — r 



: ; \/V — r— x\ '■ 



4r . r — *\ - 



4 . r — a| — y .r — x 
Br . r — x\~ — 4r 3 . r — a- 



— — " s/r l — r — x\ 



% .r—lX -W .7=^' +r*V * "'"'I 

c 1 4 J * , « 

tor.r — ,i| —izr'.r—x +r' 



16 . r— a! — 20/- 2 . r— *•) + jr* .;>-—*• 
3^r . r— a| — 32r 3 . r— a] -f 6r s . r — 



x/A-rr|» 



32 . r + A-J — 48r . r— A-f + i8r* . r + A-' — r 1 



;\/ r — r— *i 



Chfirva 
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Qbfervations on the foregoing tables. 

EACH of the formula? in thefe tables may be confidered as 
one fide of an equation, involving the unknown quantity x to 
different dimenfions. In fome of the formulae the odd powers 
of x are only found, in others the even ones alone, and in 
others both ;. but they are all equally ufeful in finding the value 
of the unknown quantity in adfected equations which contain 
all the powers of that quantity, as will plainly appear from 
the following confiderations. 

I. If, on bringing the folution of any problem to an equa- 
tion with fome known quantity, it be found to correfpond with 
any of the formula in thefe tables ; or, if by any means it can 
be reduced to any of them, it is manifefl, that nothing remains to 
be done but to divide the known fide of the equation by the 
value of the quantity which is here denoted by r, and to feek 
for the quotient in the tables of fines, cofines, or tangents, as 
the cafe may require, and the value of the unknown quantity 
will be the fine, tangent, fecant, or verfed fine, of a given 
part of that arc (according as the expreffion is found in the 
firft, fecond, third, or fourth table) multiplied by the value 
of r. 

II. If, as will more frequently happen, the final equation of 
an operation be found equivalent to the fum, difference, pro- 
dud, or quotient, of fome two or more of thefe formula ; or 
to the fum, difference, product, or quotient, of fome two or 
more of them multiplied or divided, increafed or leffened, by 
fome known quantity or quantities ; then,, having taken away 

O o o 5 the 
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the known quantities by the common algebraic rules, obferve 
the following ones. 

i ft. When the equation is found to correfpond with the fum 
or difference of two formula in thefe tables, which are the fine 
and tangent, fine and cofine, or cofine and tangent, of the fame 
arc, by running the eye along the tables of natural lines and 
tangents, find thefe two arcs, immediately following one ano- 
ther, the fum or difference of the fine and tangent, fine and 
cofine, or cofine and tangent, of which are one of them 
greater, and the other lefs than the number which constitutes 
the known fide of the equation. Take the excefs of one of 
thefe fums or differences above, and what the other fum or 
difference wants of the faid given number, add thefe two errors 
together, and fay, as the fum of them is to 6b", fb is that 
error which belongs to the lefs arc to a number of feconds ; 
Which being added to the lefs arc will give one, the fum or dif- 
ference of whole fine and tangent, fine and cofine, or cofine 
and tangent, is exa&ly equal to the number which coirftitutes 
the known fide of the equation. Of the arc, thus found, let 
fuch a part be taken as the table in which the formula are found 
directs, and the natural fine, tangent, fecant, or verfed fine (as 
the cafe may require) of this part, being multiplied by the 
value of r, if r be found in the equation, will be the value of 
x fought. 

2d. When the equation happens to be the product or quo- 
tient of two formulae which exprefs the fine and cofine, fine 
and tangent, or cofine and tangent, of the fame arc, take the 
logarithm of the number which conftitutes the known fide of 
the equation, and then follow exactly the directions given in 
the firft cafe, ufing the tables of logarithmic fines and tangents 
inftead of the tables of natural ones. 

4 3d. 
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3d. If 'the equation, finally refill ting from the refolution o* 
any problem, prefent itfelf in an exprefiion which is compofed 
of the fum or difference of the fine, cofine, or tangent, of an. 
arc, of which the unknown quantity is the fine, cofine, tan- 
gent, or verfed line, and the fine, cofine, or tangent, of forne 
multiple of that arc, it will then be convenient to have two 
tables of fines and tangents; and in running the eye along 
them to find the two arcs immediately following one another, 
of which the fum or difference of the fine, cofine, or tangent, 
of one of them, and the fine, cofine, or tangent, of fbme 
multiple of it, may be lefs, and the fum or difference of the 
fine, cofine, or tangent, of the other, and the fine, cofine, or 
tangent, of the fame multiple of it, may be greater than the 
number which conifitutes the known, fide of the equation, for 
every minute of a degree that the finger is moved over in one, 
it muff be moved over a number of minutes in the other, 
which is equal to the number of times that, the fingle arc is 
contained in the multiple dne. When thefe two arcs are 
found, the operation will not differ fo materially from that 
which is pointed out in the firfl rule as to merit repetition. 
• 4th. If, inflead of the fum or difference of the fine, cofine, 
or tangent, of an arc, and the fine, cofine, or tangent, of 
fome multiple of it, the form of the equation be fuch as to be 
eonftituted of the product of them, or the quotient of one di- 
vided by the other, the lafl rule will frill hold good, ufing only 
the logarithmic fines and tangents inflead -of the natural ones, 
' and comparing the fum or difference of them, according as the 
equation is compofed of the product or quotient of the, two 
factors, with the logarithm of the number which conifitutes the 
known fide of the equation-, inftead of that number itfelf. 
Vol. LXXI. P P p 5th. 
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jfth- Sometimes the final equation will come out in expref- 
fions which are conftituted of the fum, difference, product, or 
quotient, of the fine, cofine, or tangent, of ibme multiple of 
an arc, of which the unknown quantity is the fine, tangent, 
fecant, or verfed fine, and the fine, cofine, or tangent, of fome 
other multiple of the fame arc. And in any of thefe cafes it 
is manifeft, that the method of proceeding, in order to obtain 
one of the multiple arcs, and from thence the fingle one, of 
which the unknown quantity is the fine, tangent, &c. will 
not be greatly different from thofe which have been defcribed in 
the third and fourth rules. The mofl material difference con* 
lifts in this, that inftead of proceeding minute by minute, ac- 
cording to the directions in the third rule to find the fingie arc, 
k will now be mofl convenient to proceed in each table by as 
many minutes at each ftep as are equal in number to the num- 
ber of times which the fingle arc is contained in the multiple" 
ones refpectively. 

6th. Equations will frequently make their appearance wi for-)' 
mulae which exprefs the fquare, cube, &c. of the fine, cofine* 
or tangent, of the multiple of fome arc, of which the un- 
known quantity is the fine, tangent, fecant, or verfed fine ; 
or in formulae which are expreflive of the fum, difference, pro- 
duel, &c. of the fine, cofine, or tangent, ©fan arc, and fome 
power of the fine, cofine, or tangent, of the fame arc ; or of 
fome multiple of it, the unknown quantity being fosne other 
trigonometrical line belonging to that arc. Or the equation- 
may be compounded of the fum, difference, product, &c. of' 
the fame, or different powers of the fines, tangents, orcofines, 
of different multiples of an arc, the unknown quantity being 
the firte, tangent, fecant, or verfed fine, of that arc. In every 
©ne of thefe cafes the tables will give the value of the unknown 

quantity, 
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quantity, and 111 mod of them with great eafe and expedition. 
The method which is to be purfued hi each cafe will readily 
preferit itfelf to a (kilful analyft, who attends carefully to what 
has been already faid, and to the examples which follow. 

IV. The formula in the four preceding tables may be greatly 
varied by fuppofing x i the unknown quantity, tobeiomepart 
or parts of the fine, tangent, &c. as §, 4, 4, I, &c. or ioms 
multiple of it, as twice, thrice, &c. Or * may be the fquare, 
or the fquare root, or any other power of the fine, tangent, 
fecant, or verfed fine, of an arc ; iu every one of which cafes 
the formula will put on dirferent appearances, either with re- 
fpecl: to the powers or co-efficients of the unknown quantity, 
and yet admit of the fame kind of application. 

V. The tables may be rendered yet more extenfively ufeful b^' 
inferting expreflions for the fines, cofines, and tangents, of 
half the arc which has x for its fine, tangent, fecant, or verfed 
fine ; and alio for the fines, cofines, and tangents, of the odd 
multiples of this half arc, which expreflions, together with 
thofe already inferted, may be confidered as the fines, cofines, 
and tangents, of the multiples of an arc, the unknown quafi* 
tity, being the fine, tangent, &c. of twice that arc. And 
this confideration may fometimes be applied to very ufeful 
purpofes. 

VI. In order to render the formula in the tables more general* 
I have put r for the radius of the circle ; whereas it will fre- 
quently happen, that the equation, finally refulting from the 
refolution of a problem, efpeciaily thofe which relate to the 
do&rinc of the fphere, will prefent itfelf in a form where the 
radius muft be taken equal to unity : what thefe forms arewiU 
readily appear by fubftituting unity for r and its powers every 
where in the exprefiion. 

P p p % It 
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It would be endlefs were I to undertake to enumerate all the 
various circumftances and cafes In which this method of bring- 
ing out the unknown quantity may be applied with fuccefs :.. 
what has already been faid will be fufRcient to explain the 
nature of it, and to enable the analyft to apply it in other in- 
stances as they occur to. him,. I mall therefore only add a few. 
examples to illuflrate it- 

EXAMPLE I. 

Let it be required to find the value of x in an equation of 
the form x 3 — r^x = a. 

If r % be expounded by 50, and a by 120 (fee Phil; Tranf: 
vol. LXVJII. p. 937-) the equation may be reduced to 
<yx x \/x x — 50 = v/120 ; and, confequently, by tab. III. if x 
be confidered as the fecant of an arc, of which the radius is- 
v/50, \/x z — 50 will be the tangent of it, and we mall have 
to find an arc, fuch that the tangent multiplied by the fquare 

root of the fecant may be equal to \/i2o ; or, which amounts 
to the fame thing, fuch an arc that the log. tang, together, 
with half the log. fecant may be equal to half the log. of 1 20., 
But becaufe the tangent and fecant, here required, are to the 
radius of the v/50, the log. tangents and fecants in. the tables 
muft be increafed by the logarithm of that number,, and there- 
fore log. tang. + ilog.50 + I log. fecant -f f log. 50 = I log. 1 20 : 
or log. tang. + f log. fecant = \ log. 120 - \ log. of 50. Hence, 
having taken | the log. of 50 from $ the log. of 120, run, 
the eye along the tables of logarithmic tangents and fecanta 
until an arc be found of which the fum of the log. tangent, 
and half the log. fecant is equal to 10.7653631, the remainder. 

In 
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In this manner it will be readily found, that the fum of the log. 
tangent and half the log. fecant of 28° 37' is lefs than that 
difference by 2012, and that the fum of the log. tangent and 
half the log. fecant of 28 38' is greater than it by 1337: 
therefore 3349 (2012 + 1337) '• 60" '•'• 2012 : 36". Theexad 
arc, therefore,, of which the fum of the log. tangent and half 
the log. fecant is equal to 19.7653631 is 28 ^f 36", and the 
log. fecant of it is 10.0566242, which being increafed by 

0.8494850, the log. of v/50 gives 0.9061092, which is the 
logarithm of 8.055810, the value of. # fought, and which is 
true to feven. places of figures.. 

EX A' m p l e 11; 

To, find the. value of x in an equation of the form 
a? 3 — rV= ~a. 

If r be expounded by 3, and a by 10, ,as they are in the. 
example, given at p. 433. of the Phil. Tranf. vol. LXX. the 
equation will be x 3 - 9,1?=: — 10, and may be transformed to 
s/x x v/9 — x" — \/\o ;. and, therefore, by tab. I. the fquare 
root of the fine into the cofine of an arc, of. which the radius 
is 3, is equal to the fquare root .of 10. . Confequently, an arc 
mufl be found, fuch that the fum of the log. cofine and half 
the log. tangent is equal to half the log,, of 10. But becaufe 
the radius of this arc mufl: be 3,, the log, fines and cofinesmufl 
he. increafed by the log. of 3 ; and, therefore, log. cof. + log. of 3 
-hi log. fine + 1 log. of 3 mufl be equal to. half the log. of 10 ; 
or, an arc mufl be found. of which the fum of the tabular log* . 
cofine and half the log. fine is equal to the dirTerence between 
half the log. of 10 and if the log. of 3. Hence, having fub- 
tracted if log. of 3 from half the log. of 10, run the eye 
2 a l° n g 
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along Gardiner's tables of logarithmic fines, by which means 
it will be readily found, that the fum of the log. cofine and 
half the log. fine of 28 53' 30" is lefs than 19.784318 1, the 
excefs of half the log. of 10 above if log. 3, by 15, and that 
the fum of the log. cofine and half the log. fine of 28° $%' 40" 
is greater than that difference by 60. Confequently 75 
(i': + 6o) : 10" :: 15 : z". The exa£t arc, therefore, of 
which the fum of the log. cofine and half the log. fine is equal 
to 19.7843181, is -28° k,^ 32" ; and the log. fine of this arc, 
increafed by the log. of 3, is 0.1612153, the logarithm of 
1.44949, the value of x required, true to the laft place. 

But many equations of this form, and this example among 
the reft, admit of two pofitive values of the unknown quan- 
tity ; and by carrying the eye farther along the tables it will be 
found alfo, that the fum of the log. cofine and half the log. 
line of 4 1° 48' 30" is greater than 19.7843181 by 50, and 
that the fum of the log. coline and half the log. fine of 
41 48' 40''' is too little by 21. Confequently, 71 (50 + 21) 
: 10" :: 50 : 7" ' : of courfe, 41° 48' 37" is another arc, of 
which the fum of the log. cofine and half the log. fine is equal 
to 19.78431 8 1, and the log. fine of this arc, increafed by the 
log. of 3, is the logarithm of 1.999999, another vslue of x, 
and which errs but by unity in the feventh place. 

The third root, as it is generally called, of this equation, 
which is neceffarily negative, and equal to the fum of the other 
two, belongs properly to the equation which is given as the firft 
example, of which it is the affirmative root, and may be found 
by the dire&ions which are there given* 



BXAMflg 
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EXAMPLE III. 



To find the value of x in an equation of the form 



x* + r\v = a. 



Let us take as examples of this equation x % -§■ yc = .04,. 
x* + 3.V = .08, and x 3 -f 3* = .1 2, which are three of the inftances 
given by Dr. halley, in his Synopfis of the Aftronomy of 
Comets, to illuftrate the mode of computation that he purfued 
in conftrucling his general table for calculating the place of a 
comet in a parabolic orbit : and it is obvious, a being put for 
the known fide of the equation, that it may be transformed to 
•s/x x v/3 +a? t = s/ a : where, if x be confidered as- the tangent 

of an arc, the radius of which is v/3, v/3 + x % will be the fecant 
of that arc; and, confequently, by what is (hewn in thefirft 
example, an arc muft be found, fuch, that the fum of the tabular 
log. fecant and half the tabular log. tangent may be equal to the 
excefs of half the log. of a above f of the log. of 3. In the 
firfr of the above three inftances this excefs will be found, 
18.9431891, in the fecond 19.0937041, and in the third 
19.1817497; and by running the eye along Gardiner's 
Tables of Logarithmic Sines and Tangents, it will be found, 
that the firffc falls between o° 26' 20" and o° 26' 30", the fe- 
cond between o° 52' 50'' and o° 53' o", and the third between 
i° 19' 20" and i° 19' 30"; and, bypurfuing the mode which 
has been defcribed in the two former examples, the exact arcs 
will be found o>° 26/ 27",7, o° 54' 51", 7, and i,° 19' 20", 1,. 

and their refpee"tive tangents, to the radius • v/3, .0-1333248, 

.0266611, and .0399787, the three values of x fought. And 

in this manner Dr. halley's table may be extended to any 

length with the utmoift eafe, expedition,, and accuracy. 

3 Thus. 
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Thus far this matter has been carried by former writers ; but 
thofe who may be at the trouble of confulting them will find 
that I have not copied their methods : on the contrary, thefe 
which are given here are more plain and obvious than theirs are, 
and the operations coniiderably fhorter. What follows has not, 
I believe, been adverted to by any before me. 

EXAMPLE >iv. 



Let the equation arifing from the proportion a : b + x . 



i 



:: c\/\—x z : c % x be taken, which is the refult of an inquiry 
into the Situation of that place on the furface of the earth, 
coniidered as a fpheroid, which is at -the greateft diftance from 
a given one, fuppofe London. In this inquiry a and b were 
.put to reprefentthe line and cofine of the latitude of the given 

place (in the fpheroid) ; c fov -—. the ratio of the axes ; and a; 

for the fine of the diftance of the required place from the oppo- 
site pole (in the fpheroid alfo). The equation, which is of 
four dimensions with all the terms, is manifeftly acx~ 

", ~ r / — : — ; * ! -? b ■ i • i • 
b + x . x -c x v i - x , or — ==. - x . = — ; in which it 

Vi—x ac ac 

is evident from tab. I. that the difference between the tangent 
and the product of the fine into a given quantity is known. 

h 

In order, therefore, to find the value of x, compute — , and 
, and find the logarithm of the latter. Now, becaufe the 



ac 



elliptic meridian differs but little from a circle, the place fought 
will not be far from the antipodes of the given one, and its 
diftance from the oppofite pole may therefore be eftimated at 



39° S'-S 



of adfeSied Equations. 47 1 

39' 5'; and, having taken out the natural' tangent, and loga- 
rithmic line of this arc, add the lop-arithm of -^- to the lat- 



M 



ter, and find the number correfpondlng to the fum, which will 
be lefs than the natural tangent of 39 5' by 2869. As this 
affumption is fo near, take 39' 6" for the next, repeat the ope- 
ration, and the refult will be 1935 too great. Then 4804 
(2869 -f 1935) : 60" :: 2869 : 36"; which being added to39°5 , 
gives 39 5' 36", for the co-latitude of the place fought, and 
the natural fine of this arc, or .6305856 is the value of x in 
this equation. 



EXAMPLE V. 

Let the equation tc* + ... ~~ a .-x z + a ~ x — a — =0, be taken, 

* \a 2 4 

which refults from a folution of one cafe of the problem de 
inclinationibus of apollonius ; but which, as it naturally rifes 
to a folid problem, was not, I conceive, confidered by that cele- 
brated author. The refult of the analyfis, before any reduc- 
tion takes place, is this proportion, x + a : x — a :: zs/ax : b; 

and hence, - — «/ax—\b. But it is here manifeft, that if a 
7 x + a 

be taken for the tangent of an arc, of which the radius is 
s/ax y x will be the cotangent of it, and — - s/ax(^ = \ F) the co- 
fine of twice that arc. Confequently, we have to find an arc, 
the tangent of which is to the cofine of twice that arc as a is 
to i b ; and this being done, the natural co-tangent of that arc, 
to the proper radius, will be the value of x. 

Vol. LXXI. Qj] q Thus, 
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Thus, let <a be 10, and £ 24 ; and the difference of the loga- 
rithms of a and f/> will be 0.079 181 2. Now, by running the 
eve alon™ Gardiner's Tables of logarithmic Sines and Tan- 
gents, it will be readily feen, that the log. tangent of 26 23' 50", 
when increafed by 0.07918:2, is lefs than the cofme of 
$3 y f 40" twice that arc ; and that the log. tangent of 
26 34' o' / , when increafed by the fame quantity, is too great. 
And, by actually taking out the logarithms, and making the 
additions, the former will be found too fmail by 455, and the 
latter too great by 632. Then, 1087 (455 + 632) : 10" :: 
455 : 4"; which being added to 26° 32' 5°" gives 26° ^ 54-"' 
for the arc of which x is the co-tangent. And if to twice the 
lop-, co-tanrcnt of this arc the logarithm of a (10) be added, 
the fum (1.6020600). is the log. of 40, the value of x fought. 

E X A M P L E VI. 

The equation refnlting from a folution of the famous problem- 
©f ALHAZKN may be given as another example of the ufe of this 
method. Many folutions of this celebrated problem, by huy- 
6E.NS, sr-usrus, and others, may be met with in the Philoso- 
phical Trail factions. Solutions to it may alfo be found at ths 
end of Dr. rourrt Simpson's Conic Sections, in Dr. smith's 
Optics, Mr. robin's Mathematical Tracfs, and other places; 
but the moil direct and obvious method is, perhaps, that which 
follows. 

Put a = DC, b = dC, r = CI ; x '= CB and y = CE, the coiines 
of' the arcs 1A, IH, to the radius r: then will the lines of 

thole arcs, BA, EB, be expreffed by vV - .v 4 and vV -/;■■■■ 

and, 
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and, becaufe of the fimilar triangles 
ABC and BFC, HEC and </GC, 



4/3 



r : xv. a : — = CE, r : \/r i 
r 



a 



y~ 



zVF;r:y::&: b -l= CG, and 



n/V 



b 



b^r ■■-, 



a'G; con- 




fequently, — • r = FI, r = GI ; and 

becaufe the angles DIF, */IG, are equal 
by the nature of the problem, and the 
angles DFI and dGl both right angles, the triangles DFI and 

dGl are alfo fimilar, and confequently - — 



™-r 



i^r 2 -, 



by 

_ — r 



A 



; and^= s 

_ y 



1*1 



•,x 



bV'r 



or 



bV'r 



V? 



a v r —x 

-r - — : or, the co-fecant of the 



arc Hl-f- b - co-fecant of AI -f- a - the co-tangent HI -— r - co- 
tangent AI -f- r ; or, laftly, the co-tangent of HI - co-tangent 

of AI = co-fecant of'HIx r - -co-fecant AI x £. Confequently, 



we have to find two arcs, the fum of which is given, and fuch 
that the difference of their co-tangents may be equal to the dif- 
ference of the produces of their co-fecants into given quan- 
tities. 

To do this affume the angle DCF as near as poffible ; and, 
becaufe the fum of the two angles is given, the angle i/CG will 
be known alfo. Take the difference of the logarithms of r and 
#, r and b> which will be conftant, alfo the difference of the 
co-tangents of the two affumed arcs, and having taken out the 
•log. co-fecants, add to them refpeftively the two logarithmic 

Qq q z differences. 
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differences. Find the numbers correfponding to thefe two 
flnns, and if the difference of thefe two numbers be equal to 
the difference of the co-tangents, the angle DCF was rightly 
snumed ; but as that will feldom happen, take the difference, 
or error; affume the angle DCF again, repeat the operation, 
and find the error as before. Then, as the fum of the errors, 
if one of them was too great, and the other too little, or their 
difference, if both were too great, or both too little, is to the 
difference of thefe affumptions, fo is the lefs error to a number 
of minutes and feconds, which muft be added to that affump- 
tion to which the leaft error belongs, if that afiumption was too 
lmall ; or fubtra£ted from it, if the afiumption was too great : 
and, unlefs the firft afiumption was made very wide of the 
truth, which may always be avoided, the two angles will gene- 
rally be obtained within a few feconds of the truth, and, by 
repeating the operation once more, to the utmoft exa&nefs. 

SuppofeDC (a) be taken equal to 72, dC (^ = 48, and the 
radius CI (r) = 40, the angle ~DCd being 82 45': then the 
whole operation will ftand as follows : 

r = 4olog. 11.6020600 - - 11.6020600 

4 = 72 log. 1.8573325 £ = 48 log. 1.6812412 

Conftant log. 9.7446275 Conftant log. 9.9208188 

Now, in the two triangles DCI, dCl, the angles DIC and 
d\Q, being equal, and CI common, but dC confiderably lefs 
than DC, it is manifeft, that the angle dCl will be confiderably 
lefs than the angle DCI : let them be affumed in the proportion 
that DC bears to its excefs above dC ; in which cafe the angle 
dCl will be 27 2,S' anc * DCI 55° 10'. The co-tangent of the 
former will be 1.9141795, of the latter .6958813; and the 
difference of them 1.2 182982, The log. co-fecants of thofe 

two 
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two angles are 10.3343832 and 10.0857536, which being re- 
fneclively increafed by 9.9208188 and 9.7446275, the two 
conftant logarithms, make 0.2552020 and 9.83048 11, which 
are the logarithms of 1.7997079 and .6768323; and the dif- 
ference of thefe two numbers is 1. 1228756, which is iefs than 
the difference of the log. co-tangents by .0954226. 

I next afl'ume the angles 30° and 52 45' ; and by purfuinp- 
the fame fteps which have been defcrihed above, I find the dif- 
ference of their co-tangents exceeds the difference of the pro- 
ducts by .0028987. Then, as 925239 (the difference of the 
errors) is to 145' (the difference of fuppofitions), fo is the latter 
error 28987 to 4' 33", which being added to 30 , gives. 
30° 4' 33" for the next affumption of the angle dQl ; but for 
eafe in the computation I mail take 30 5' ; in which cafe the 
angle DCI will be 52 40' ; and by repeating the operation the 
difference of the co-tangents will be found lefs than the dif- 
ference of the produces by .0002425.. And 3 141 2 (the fum of 
the two laft errors) is to .5' (the difference of the fuppofitions) 
as 2425 (the laft- error) is to 23"; which being taken from 
30 5', the laft fuppofition, becaufe it was too great, leaves 
30 4' 37" for the exact value of the angle dCl. 

This equation, like that in the fourth example, when the . 
value of y is properly fubftituted, and the equation reduced in 
the ufual manner, will rife to. four dimenlions with all the 
inferior ones ; and it does not appear, that either huygens, . 
slusius, Mr. robins, Dr. willson, or Profeflbr simson, 
with all their artifice, have been able to.deprefs it : but by this 
method of refolution the point of reflection is found, with the 
greateft exactnefs, in much lefs time than this fubftitution and. 
reduction can be made. And this example farther fuggefts to. 
us, that when the anfwer is fought by the method now under. 
2 confi- 
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coniideratioh, it is not always neceffary to exterminate all the 
unknown quantities but one. 



EXAMPLE VII. 



Suppofe the equation to be refolved were a — .375 — 
i6y'z^=:4.y* — 2oy 3 =±z4.y z -}- sy : and, firft, let the upper iigns 
have place, and it is manifeft, that the latter fide of the equa- 
tion may bo divided into two parts; namely, 4_y*-4_y 4 =s 
&rf . i +y . i -y, and 1 6jy s - 20jy 3 + $y—y % - ioy 3 . i +y . i -y 
+ $y ' i +y\ Z • i -y Z > But the former part is (by tab. I.) the 
fquare of the fine of twice the arc which hasjy for its fine (radius 
being = i ) and the latter part the fine of five times the fame 
arc. Hence, therefore, the given quantity # ( = .375) is equal 
to the fum of the fine of five times the arc (A) which has y 
for its fine, and the fquare of the fine of twice the fame 
arc. Now, as the fquare of the fine of twice the arc (A) 
muft neceflarily in this inftance be very fmall in companion of 
the fine of five times the fame arc (A), it is manifeft, that the 
fine of five times the arc which has y for its fine will be very 
little Ids than -2,75, and of courfe that arc (5A) can be but 
very little lefs than 22 1' , the fine of which is next greater 
than that number. Aflume it 21 , and the fifth part of it, or 
that arc which hasj' for its fine, will be 4 12', the double of 
which is 8° 24'. Now the log. fine of 8° 24' is 9.1645998, 
which being doubled is 8.3291996, the logarithm of .0213403, 
and this number being taken from .375 leaves '3536597, 
which ought to have been .3583679, the fine of 21 , and of 
•courfe is too fmall by ,0047082 : the arc has, therefore, been 
<affumcd too great. 

Let 
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Let 20° 45' be next affumed ; the fifth part of which 
is 4 </, and twice this lad number is 8° 18', of which 
the log. fine is 9.1594354; and this being doubled is 
8.3188708, the log. of .0208387; and this being taken 
from .375 will leave .3541613: lefs ftill than. the fine of 
20 45' by .0001297. 

Take now 20 44', the fifth of which is 4 8' 48", and 
two-fifths is 8° \y' 36''' ; and the log. fine of this is 9.1590889, 
which being doubled gives 8.318 1778, the logarithm of 
.0208055 ; and this being taken from >275> leaves '3541945 ; 
more than the fine 20 44' by .0000795. Now 2092 (the 
fum of the laft two lad errors) is to 60" as y^^ (the 
laft error) is to 23". Which being added to 20 44', the 
laft aflumption, gives 20 44' 23" for five times the arc of 
which y is the fine : y is therefore the fine of 4 8 ; 52". 6, 
or .07233202. 

When the lower figns in the equation have place, the 
given quantity a will be equal to the excefs of the fine of five 
times an arc above the fquare of the fine of twice that arc : and 
the operation, after afluming, from the circumftances of the 
queftion, or equation, an arc which is nearly five times that 
having y for its fine, is this. Find the logarithmic fine of 
two-fifths of that arc, double it, find the number correfponding 
to this logarithm, and add to it the value of a, which fhould 
then be equal to the fine of the arc firft affumed ; and if it 
is not, to repeat the operation until an error is obtained on 
each fide, and not very diftant from the truth, as is done above,, 
and which may always be done with three affumptions. 

A multitude of examples might be added from the writings^ 
of different authors, who have either left their conciufions 
7 unex-^ 
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unexhibited in numbers, for want of fome fuch eafy method 
as this, or have done it by means of a long and laborious 
feries of difficult computations ; which, befide the labour 
attending them, are always fubject to a variety of errors, 
which cannot be detected, in many cafes, without repeating 
the operation. 




